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We study the thermodynamic properties of high dimensional Schwarzschild de Sitter spacetimes
with the consideration of quantum effects. It is shown that by considering the cosmological constant
as a variable state parameter and adding an extra term which denotes the vacuum energy, both
the differential and integral mass formulas of the first law of Schwarzschild de Sitter spacetimes
can be directly derived from the general Schwarzschild de Sitter metrics in a simple and natural
way. Furthermore, after taking quantum effects into account, we can see that the cosmological
constant must decrease and the spontaneous decay of the vacuum energy never makes the entropy
of Schwarzschild de Sitter spacetimes decrease. In addition, though the laws of thermodynamics are
very powerful, at least the third law can not be applied to the Schwarzschild de Sitter spacetimes.
It should be emphasized that these conclusions come into existence in any dimension.
PACS numbers: 04.70.Dy, 97.60.Lf
I. INTRODUCTION
Since the seminal work of Bekenstein [1] and Hawking
[2], black hole thermodynamics [3] had been well estab-
lished over the past three decades via a close analogy to
the four laws of the usual thermodynamics system [4].
In particular, it has been generally proved [5] that for
asymptotic flat black holes in any dimensions, the differ-
ential expression of the first law and the corresponding
integral mass formula take the form
dM = TdS +ΩdJ , (1)
D − 3
D − 2
M = TS +ΩJ , (2)
where D is the spacetime dimensions, M , T , S, Ω and
J are Arnowitt-Deser-Misner (ADM) mass, temperature,
Benkenstein-Hawking entropy, angular velocity, and an-
gular momentum of the black hole, respectively.
Recently, considerable attention has been concentrated
on the study of de Sitter spacetimes and asymptotically
de Sitter spacetimes. This is motivated, basically, by
the following two aspects: First, the Type Ia supernova
observations indicate that our universe is in a phase of
accelerating expansion [6]. That is to say, there is a
positive cosmological constant in our universe and our
universe might approach to a de Sitter phase in the far
future. Second, defined in a manner analogous to the
AdS/CFT correspondence, an interesting proposal, the
so-called dS/CFT correspondence, has been suggested
that there is a dual relation between quantum gravity on
a de Sitter (dS) space and Euclidean conformal field the-
ory (CFT) on a boundary of de Sitter space [7, 8, 9, 10].
∗Electronic address: wjysysgj@163.com
With the advent of AdS/CFT and dS/CFT correspon-
dence, studies of thermodynamics properties of black
holes, especially in the background geometry with a fixed
cosmological constant, have attracted considerable atten-
tion in recent years [11, 12, 13, 14, 15, 16]. For instance,
It has been recently shown by Gibbon et al. [16] that
with a suitable definition of the conserved charges such
as mass and angular momentum, the differential mass
formula (1) keeps to be true for rotating black holes with
an invariable cosmological constant background in four,
five and higher dimensions. However, under the assump-
tion of a fixed cosmological constant, it is clear that the
integral expression (2) can never be satisfied any more.
In order to rectify this situation, in a previous paper
[17], we have investigated the thermodynamics of the
(2+1)-dimensional BTZ black holes and Kerr-de Sitter
spacetimes, and shown that it is possible for us to con-
sider the cosmological constant Λ = (D − 1)(D − 2)/2l2
as a varying parameter and promoting it to a thermody-
namics state variable. With this assumption, both the
differential and integral mass formulas of Kerr de Sitter
spacetimes can be satisfied.
As well known, the cosmological constant was origi-
nally introduced by Einstein to keep our universe as a
static universe. Though the discovery by Hubble that
the universe is expanding eliminated the empirical need
for a static world model, the disappearance of the origi-
nal motivation for introducing the cosmological constant
did not change its status as a legitimate addition to the
gravitational field equations, or as a parameter to be
constrained by observation [18, 19, 20]. There are two
cosmological constant problems. the old one is to under-
stand why there is a huge gap between the theoretical
and observational values of the cosmological constant.
The new one, which had not been realized until Type Ia
supernova observations provided the evidence that our
universe is accelerating, is to understand why the energy
density of vacuum has the same order of magnitude with
2the present mass density of the universe [21, 22]. In or-
der to solve these two intriguing problems, considerable
works had been done [22, 23, 24, 25]. We do not further
discuss these problems here, but only focus on a ques-
tion: it is reasonable whether or not for us to treat the
cosmological constant as a variable parameter?
Twenty years ago, Henneaux and Teitelboim have al-
ready shown that the cosmological constant could be
treated as a variable parameter [26] (For more details,
see Ref. [27]). Before long, It was also conjectured by
Weinberg that the role of the cosmological constant is
played by a slowly varying potential of a scalar field [28].
the original motivation for considering cosmological con-
stant as a variable parameter is the factual need of solv-
ing those two cosmological constant problems that men-
tioned above [21, 22]. To my present knowledge, there
are at least three particle physics models, with a discrete
spectrum of vacuum energy density ρΛ, would allow cos-
mological constant Λ to take different values. The first
discrete-ρΛ model, introduced by Abbott [29], considers a
self-interacting scalar field φ with a washboard potential
V (φ). In this model, the vacuum at φ = φn has energy
density ρΛn = nǫ+ const, and can decay through bubble
nucleation to the vacuum at φn−1. The upward quantum
jumps from φn−1 to φn are also possible [30]. The second
discrete-ρΛ model, first discussed by Brown and Teitel-
boim [31], assumes that the cosmological constant is due
to a four-form field Fαβγδ = F√−g ǫ
αβγδ, which can change
its value through the nucleation of branes. The total vac-
uum energy density is given by ρΛ = ρbare +
1
2F
2, where
ρbare < 0 is the ‘bare’ cosmological constant at F = 0;
The change of the field ∆F = ±q, where q = const is
fixed by the model (For related work, see Ref. [32] ).
The third discrete-ρΛ model, developed by Bousso and
Polchinski [33], is a different version of the four-form
model. In this model, several four-forms fields Fi are
present, so the total vacuum energy density takes the
form ρΛ = ρbare +
1
2
∑
i F
2
i . It is clear that these four-
form fields can also change their value through the nucle-
ation of branes (It should be pointed out that this model
is quite different from the second model. For more de-
tail, see Refs. [33, 34] ). As Dvali and Vilenkin argued,
the varying of four-form field can also be attributed to a
spontaneously broken discrete symmetry [35]. Since the
vacuum energy density is a variable parameter, as a mea-
sure of vacuum energy density [20, 22], the cosmological
constant should not be viewed as a fixed parameter, also.
This assumption of variable cosmological constant is also
supported by some other works [36, 37, 38, 39, 40].
Recently, with the assumption of variable cosmologi-
cal constant, the first and second law of four-dimensional
Kerr-Newman black hole in de Sitter backgrounds had
already been well studied [40]. However, to my present
knowledge, the thermodynamic properties of higher di-
mensional case in the background geometry with a vari-
able cosmological constant have not been investigated.
In the present paper, we will expand the investigation
to the higher dimensional case. This subject is mainly
motivated by the fact that recent brane-world scenarios
[41] predict the emergence of a TeV-scale gravity in the
higher-dimensional theories, thus open the possibility to
explore extra dimensions by making tiny black holes in
the high-energy collides [42] (LHC) that to be running
soon. Within this context, it is not unnecessary to take
higher dimensional case into account. We will show that
the differential and integral mass formulas of first law
take the forms
dM = TdS +Θdl , (3)
D − 3
D − 2
M = TS +
1
D − 2
Θl , (4)
Where Θ is a generalized force conjugate to the cosmo-
logical radius l; the combination Θl has the dimension of
energy and denotes the vacuum energy. It will be proved
that both the mass formulas (3) and (4) can be directly
derived from the general Schwarzschild de Sitter metrics,
and come into existence in any dimension.
Recently, It has been pointed that when one consider
the second law of black hole thermodynamics, the quan-
tum effects must be taken into account [40]. It is found
that after taking quantum effects into account, the cos-
mological constant must decrease and the spontaneous
decay of the vacuum energy never makes the entropy of
the Schwarzschild de Sitter spacetimes decrease.
The authors of Ref. [43] argue that all the four laws
of thermodynamics can be applied to the Schwarzschild
de Sitter spacetimes. However, it seems that though the
laws of thermodynamics are very powerful, at least the
third law can not be applied to the Schwarzschild de Sit-
ter spacetimes.
The organization of this paper is as follows: In Sec
II, we study the first law of black hole thermodynam-
ics in Schwarzschild de Sitter spacetimes. With the as-
sumption of variable cosmological constant, we can see
that both the mass formulas (3) and (4) can be directly
derived from the general Schwarzschild de Sitter met-
rics, and come into existence in any dimension. In Sec
III, we discuss the second law of Schwarzschild de Sit-
ter spacetimes. It is found that after taking quantum
effects into account, the cosmological constant must de-
crease and the spontaneous decay of the vacuum energy
never makes the entropy of the Schwarzschild de Sitter
spacetimes decrease. In Sec IV, we study other laws of
thermodynamics and find that the third law can not be
applied to the Schwarzschild de Sitter spacetimes. Sec V
contains a brief remark.
Throughout this paper, the metric signature adopted
is (−,+,+,+), and the natural units c = ℏ = G = κ = 1
are used.
II. THE FIRST LAW
It has been proved that in Boyer-Linquist coordinates,
the general Schwarzschild de Sitter metrics for arbitrary
3dimension takes the form [16]
ds2 = −
(
1−
r2
l2
)
dτ2 +
2m
U
dτ2 +
Udr2
V − 2m
+
N∑
i=1
r2
(
dµ2i + µ
2
i dϕ
2
i
)
+
l−2
1− r2l−2
( N∑
i=1
r2µidµi
)2
, (5)
Where
U = rD−3 , V = rD−3
(
1−
r2
l2
)
. (6)
This metric depends on two parameters: the mass m,
and the cosmological radius l, which is related to the
cosmological constant Λ by Λ = (D − 1)(D − 2)/2l2.
The horizons are located at
rD−3
(
1−
r2
l2
)
− 2m = 0 . (7)
This algebra equation has several positive solutions,
which associated with multiple horizons. The largest one
denotes the cosmological horizon radius rc, and the small-
est one corresponds to the black hole horizon radius rh.
The relation between the physical mass and the geomet-
rical parameter can be written as [16]
Mh = −Mc = f(D)m , (8)
where Mc and Mh are mass of cosmological horizon and
black hole horizon respectively, f(D) is a function of the
spacetime dimensions D. It can be seen as follows, the
expressions of the differential and integral mass formulas
of the first law have nothing to do with the form of f(D).
It is well known that the Hawking temperatures as-
sociated with the cosmological horizon and black hole
horizon, respectively, are not equal [44]. They both
emit Hawking radiation at the corresponding tempera-
tures and are not in thermal equilibrium. As Teitelboim
pointed out [45], we must take into account two differ-
ent idealized physical systems. One is a black hole hori-
zon enclosed in a cosmological boundary, the other is
a cosmological horizon enclosed in a black hole bound-
ary. When we discuses the thermodynamics properties
of either one of them, the other one must be viewed as
a boundary. (Owing to the existence of multiple hori-
zons, the thermodynamic aspects of Schwarzschild de Sit-
ter spacetimes have not been well explored so far. Re-
cently, it has been argued that in general for a spher-
ically symmetric spacetime with multiple horizons, the
temperature of radiation is proportional to the effec-
tive surface gravity, and the equilibrium temperature in
Schwarzschild de Sitter spacetimes is the harmonic mean
of cosmological and black hole horizon temperatures. For
more detail, see Ref. [14] )
Let us discuss the cosmological horizon first. As men-
tioned above, the black hole horizon must be treated as
a boundary. The area of the cosmological horizon is
Ac =
(D − 1)π(D−1)/2
Γ[(D + 1)/2]
rD−2c , (9)
Note that the macroscopic entropy-area law which relates
thermodynamic entropy to the area of event horizon is
universally valid for any types of black holes belonging
to Schwarzschild family, thus
Sc =
Ac
4
=
(D − 1)π(D−1)/2
4Γ[(D + 1)/2]
rD−2c =
rD−2c
g(D)
, (10)
Where g(D) is a function of the spacetime dimensions D.
Making use of eps. (7), (8) and (10), one can obtain
Mc = −
f(D)
2
[g(D)Sc]
D−3
D−2 +
f(D)
2l2
[g(D)Sc]
D−1
D−2 , (11)
This is the so-called generalized Smarr formula [46], and
it contains all the information about the thermodynamics
state of cosmological horizon.
Just like our universe should be treated as an open sys-
tem [47], de Sitter spacetimes should not be regarded as
an isolated system [43]. This is because when the cosmo-
logical constant changes, the horizon shrinks or expands
and thus sweeps some region with a nonzero cosmological
constant, leading to the variation of the four-volume of
the Euclidean de Sitter spacetimes.
As mentioned above, the cosmological constant should
be treated as a variable state parameter. It must be em-
phasized that this assumption can never be justified in
classical theory (i.e. general relativity) [40]. If we want
to explain it on physical grounds, we must take quan-
tum effects into account. In fact, particle physics has
already provided us several approaches to explain why
should cosmological constant Λ be a variable. For in-
stance, it can be well explained by the four-form model
[31, 32]. This model has recently attracted much atten-
tion because four-form fields with appropriate couplings
to branes naturally arise in the context of M-theory [22].
The author of Ref. [40] argues that one should choose
Λ as a thermodynamics state variable for a clearer phys-
ical meaning. However, it is not absolutely necessary for
one to do so. For instance, one can choose ln (where
n ≤ D) as a thermodynamics state variable. When
n = 1, l has dimension of length and Θ can be treated
as generalized force; when n = 2, l2 has dimension of
area and Θ can be treated as generalized surface gravity;
when n = 3, l3 has dimension of volume and Θ can be
treated as generalized pressure; when n = −2, l−2 has
the same dimension with cosmological constant and Θ
can be interpreted as generalized volume (see Ref.[40] ).
If only the combination Θln has the dimension of energy
and denotes the vacuum energy (It must be emphasized
that this vacuum energy term can be provided by quan-
tum effects. For related work, see Refs. [48, 49, 50] ),
4there is no essential difference among the different choices
of state variable. For simplicity, here we still choose l as
thermodynamics state variable.
The Hawking temperature and the generalized force
can be computed
Tc = −
f(D)g(D)[(D − 3)l2 − (D − 1)r2c ]
2(D − 2)rcl2
, (12)
Θc = −
f(D)
l3
[g(D)Sc]
D−1
D−2 = −
f(D)rD−1c
l3
, (13)
Then one can obtain
dMc = TcdSc +Θcdl , (14)
D − 3
D − 2
Mc = TcSc +
1
D − 2
Θcl , (15)
We can see that both the differential and integral expres-
sion can satisfy the formulas (3) and (4). It is clear that
if we do not consider the cosmological constant as a vari-
able state parameter, the integral mass formulas (15) can
never be obtained.
Next, we will discuss the black hole horizon. Then the
cosmological horizon must be treated as a boundary. Ob-
viously, there exists a situation analogous to that of elec-
tric charge on a two-sphere [45]. In that case, if a charge
q is placed at the North Pole, an opposite charge, −q,
must appear at the South Pole. The same phenomenon
occurs here for the energy in r− t space. The area of the
black hole horizon is
Ah =
(D − 1)π(D−1)/2
Γ[(D + 1)/2]
rD−2h , (16)
According to the Bekenstein-Hawking entropy-area law
Sh =
Ah
4
=
(D − 1)π(D−1)/2
4Γ[(D + 1)/2]
rD−2h =
rD−2h
g(D)
, (17)
Making use of eps. (7), (8) and (17), one can obtain
Mh =
f(D)
2
[g(D)Sh]
D−3
D−2 −
f(D)
2l2
[g(D)Sh]
D−1
D−2 , (18)
In fact, there exist other methods to calculate the con-
served quantities in de Sitter spacetimes. For example,
in Ref. [51], the authors use the Balasubramanian-Boer-
Minic (BBM) prescription [52] to calculate the conserved
quantities for cosmological horizon and the Abbott-Deser
(AD) prescription [53] to calculate the ones for black hole
horizon, respectively. However, if one uses these meth-
ods, the generalized Smarr formula [(11) and (18)] can
not be obtained, and then the integral mass formulas (4)
can never be derived.
The Hawking temperature and the generalized force
can be computed
Th =
f(D)g(D)[(D − 3)l2 − (D − 1)r2h]
2(D − 2)rhl2
, (19)
Θh =
f(D)
l3
[g(D)Sh]
D−1
D−2 =
f(D)rD−1h
l3
, (20)
Then one can obtain
dMh = ThdSh +Θhdl , (21)
D − 3
D − 2
Mh = ThSh +
1
D − 2
Θhl , (22)
We have succeeded in deriving the differential and in-
tegral mass formulas of the first law from the general
Schwarzschild de Sitter metrics in a simple and natural
way. It is clear that these two formulas come into exis-
tence in any dimension. As Carlip and Vaidya pointed
out [54], one should take into account not just the black
hole, but its surroundings as well. It is interesting to fur-
ther extend the present investigation to the full thermal
environment of a black hole.
III. THE SECOND LAW
Let us turn our attention to the second law of thermo-
dynamics. As mentioned above, the quantum effects (i.e.
quantum evaporate and quantum anti-evaporate process.
For more detail, see Refs. [48, 49] ) must be taken into
account.
For black hole horizon,
− ThdSh =
f(D)rD−1h
l3
dl , (23)
The left side denotes the entropy loss of black hole hori-
zon, and the right side denotes the decrease of vacuum
energy inside the black hole horizon. We can see that
the decrease of vacuum energy is equal to the entropy
decreasing of black hole horizon. For observer outside
the black hole horizon, the total energy variation is seen
as the decrease of entropy inside the black hole horizon.
This energy is carried away from inside to outside by
means of Hawking radiation.
For cosmological horizon,
TcdSc =
f(D)rD−1c
l3
dl , (24)
The left side expresses the entropy increase of cosmolog-
ical horizon, and the right side expresses the increase of
vacuum energy in the visible region rh < r < rc. Vac-
uum energy is transformed quantum mechanically to the
energy of radiation from outside to inside. That is to
say, the origin of Hawking radiation can be attributed to
the varying of cosmological constant [40]. Noting that
Λ ∝ l−2, it is easy for us to see that the generalized
entropy Sc increases if and only if the cosmological con-
stant Λ decreases. In other words, the cosmological con-
stant must decreases through quantum effects owing to
the generalized second law requires that generalized en-
tropy never decreases for all physical processes.
5Base on eqs. (23) and (24), one can obtain
TcdSc = −ThdSh +
rD−1c − r
D−1
h
l3
f(D)dl , (25)
This equation implies that the entropy increase of cos-
mological horizon is due to the thermal radiation from
the cosmological and black hole horizon. That is to
say, the origins of entropy increase are the increase of
vacuum energy in the visible region rh < r < rc (be-
cause rc increases and rh shrinks when cosmological con-
stant Λ decreases, the total vacuum energy in the re-
gion rh < r < rc must increases) and Hawking radiation
from these two horizons. Since the generalized second
law requires that generalized entropy never decreases for
all physical processes, the cosmological constant must de-
crease. In other words, the spontaneous decay of the vac-
uum energy never makes the entropy of the Schwarzschild
de Sitter spacetimes decrease.
An example of the spontaneous decay of the vacuum
energy is the quantum tunneling from the false vacuum
of Higgs potential [43]. The final potential in the quan-
tum tunneling is never higher than the initial potential,
which corresponds to monotonically decrease of the cos-
mological constant. (Indeed, since Parikh and Wilzcek
[55] presented a greatly simplified model to implement
the Hawking radiation as a semi-classical tunnelling pro-
cess, considerable attention has been focused on extend-
ing this semi-classical tunnelling method to various cases
of black holes. For more detail, see Refs. [56, 57, 58] )
IV. THE ZEROTH AND THIRD LAWS
The authors of Ref. [43] argue that all the four laws
of thermodynamics can be applied to the Schwarzschild
de Sitter spacetimes (universes). Except for the first law
and the second law we have discussed above, other laws
can be written as:
The zeroth law: the cosmological constant should be
same at all places.
The third law: the cosmological constant can never
reach to zero by finite physical processes.
It is obvious that the zeroth law is undoubtedly cor-
rect. Since the cosmological constant is independent of
spacetime coordinates, if it decreases inside the cosmo-
logical horizon, it must decrease at the outside also. That
is to say, the vacuum energy density should decrease at
same velocity everywhere. Therefore, though cosmolog-
ical constant must decay, we can still say that it should
be same at all places. However, the third law seems not
so reasonable.
As well known, the third law of ordinary thermody-
namics system demands lim
Λ→0
S = 0. We have already
obtained
S =
(D − 1)π(D−1)/2
4Γ[(D + 1)/2]
rD−2 , (26)
It is clear that the cosmological constant Λ (or the cos-
mological radius l) has nothing to do with entropy S, i.e.
lim
Λ→0
S 6= 0. In addition, base on the above discussions
T =
f(D)g(D)[(D − 3)l2 − (D − 1)r2]
2(D − 2)rl2
, (27)
We can see that in the limit l → ∞ (i.e. Λ → 0), it is
clear that T 6= 0. So there is no inherent relation between
temperature T and cosmological constant Λ. Base on
these discussions, we can say that there is no enough
evidence to support the third law of de Sitter spacetimes
from the view of mathematics.
Let us turn to the view of physics. Though there is
a nonzero positive cosmological constant in our present
universe, It is extremely small and will decay all the
times. So far, there is no principle that could stop this
process of decaying being discovered. Therefore, the
third law of thermodynamics cannot be directly applied
to the Schwarzschild de Sitter spacetimes.
V. CONCLUDING REMARKS
In summary, we have investigated the thermodynamic
properties of high dimensional Schwarzschild de Sitter
spacetimes. By treating cosmological constant as a vari-
able state parameter and adding an extra term that de-
notes the vacuum energy, we can prove that both the
differential and integral mass formulas [(3) and (4)] of
the first law of Schwarzschild de Sitter spacetimes can
be directly derived from the general Schwarzschild de
Sitter metrics. Furthermore, it is shown that the cos-
mological constant must decrease and the spontaneous
decay of the vacuum never makes the entropy of the
Schwarzschild de Sitter universe decrease. In addition,
it is found that though the laws of thermodynamics are
very powerful, at least the third law can not be applied to
the Schwarzschild de Sitter spacetimes. It is obvious that
these conclusions come into existence in any dimension.
Since the Type Ia supernova observations indicate that
our universe is in a phase of accelerating expansion, re-
cently there is much attention [59, 60] have being paid
to investigate the thermodynamic properties of the uni-
verse with a positive cosmological constant. It should
be pointed that these works are base on the background
geometry with a fixed cosmological constant. It is inter-
esting to investigate the Thermodynamics properties of
an accelerated expanding universe with the framework of
variable cosmological constant. This issue deserves fur-
ther research in the future.
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